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Abstract. Current techniques recommend harvesting microalgae at the end of the exponential phase 
when the maximum cellular concentration is higher; in the culture of Ankistrodesmus gracilis, the 
mean times are between 12 and 13 days. However, this is not sufficient criteria to define the optimal 
harvest time, since the nutritional value may not be as indicated, especially in intensive cultures using 
photobioreactors. The present work applies simultaneous equations method to determine the optimal 
moment for the harvest of A. gracilis grown in a helical tubular photobioreactor. It maximizes population 
growth and nutrient availability and minimizes fiber content. Daily samples were collected for 15 days to 
determine: protein content (Y1t), energy concentration (Y2t) and ethereal extract content (Y3t), as 
endogenous variables, and population density (X1t), chlorophyll-a content (X2t) and fiber content (X3t), as 
exogenous variables, in addition to the days of cultivation (T). Regression models of each of the 
endogenous variables dependent on the exogenous variables were run, to have a guide for 
formulating the preliminary system of simultaneous equations, consisting of three endogenous-type 
equations. A time series is visible, and a serial autocorrelation of the endogenous variables with lag was 
detected in the variables protein (AR1), energy (AR2), ethereal extract (AR1), and lagging variables   
(Y1t-1, Y2t-2, Y3t-1). Models, whose instrumental variables are fully identified: regression parameters were 
estimated using the two-stage least squares method (2SLSM). Based on these models estimated for the 

multiple equation system, the prediction was made for each of the particular Yit points. It was possible to 

determine the optimal time for harvesting the microalgae after 11 days of cultivation, optimizing the 
time of harvest in terms of quantity (population density) and quality (nutrients). 
Key Words: exponential growth phase, regression model, two-stage least squares method (2SLSM). 

 

 

Introduction. The intensification of aquaculture production using new techniques and 

the cultivation of species with the highest growth potential has led to the need for 

massive production of live food, especially microalgae. It is a feed of vital importance for 

the cultivation of mollusks, crustaceans, fish, and various zooplankton species, 

constituting the preferred food in the early stages of growth, and as primary producers, the 

base of food chain (Prieto et al 2006). Therefore, the development and survival of the 

larvae depend on the presence of organisms that make up phytoplankton and 

zooplankton, due to their nutritional composition, as well as their size and shape, which 

allow their easy capture and digestion (Sipaúba-Tavares & Rocha 2003). 

Sipaúba-Tavares and Rocha (2003) found that the Ankistrodesmus gracilis 

microalgae can be used on a large scale for zooplankton food and fish larvae since it has 

exponential growth within a period of 8 to 15 days of culture. It has a high nutritional 

value and excellent results for larvae growth (Sipaúba-Tavares et al 2009), considering 

its resistance to adverse conditions and its nutritional quality (Sipaúba-Tavares et al 

2017).  

Commercially, microalgae are cultivated in ponds, whose size varies according to 

the dimensions of the raceways, between 1 and 5 m2; they are autotrophic organisms, 

and they are growing outdoors, where they are diluted for maximum productivity 
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between 0.5 - 0.7 g.L-1, requiring intensive use of energy for the harvest (Travieso et al 

2001). 

Nowadays, photobioreactors (PHBR) are closed systems with different designs, 

have been widespread among massive microalgae culture systems, which maximize the 

growth of the microalgae (Contreras et al 2003). PHBR are characterized by the 

regulation of most of the population growth parameters (Huarachi-Olivera et al 2015), 

which allow control of cultivation conditions (Moheimani et al 2012), with higher 

biomass yield (Wang et al 2013) in axenic monocultures (Ruiz 2011). Studies carried out 

by Matabanchoy et al (2020) indicate that the helical tubular photobioreactor (HTPHBR) 

type is the most suitable for the cultivation of Chlorella sp., and possibly for other 

species. 

Current techniques recommend the most appropriate time to harvest the algae at 

the end of the exponential phase (Bold & Wynne 1985; Votolina et al 2000). At this point, 

maximum cell concentration is obtained, with the highest amount for the organisms for 

feed. A. gracilis is commonly harvested between 12 and 13 days of cultivation (Sipaúba-

Tavares & Pereira 2008). 

However, the importance of microalgae as food lies in its nutritional value, where 

raw energy is one of the most important nutrients, as it is the source of all cellular 

activity, consisting of the energy supplied by proteins, lipids and carbohydrates and their 

presence in algae increases as cells grow and their concentration in the population will be 

higher as it multiplies (Marshall 1987). Ethereal extract (EE) comprises the fats that the 

algal cells contain and are an important source of energy; a decrease in protein 

availability generally occurs when EE increases (Neumann et al 2018).  

On the other hand, fiber reflects a fraction of materials derived from the cell wall 

that increases as the plant grows or ages (Morris et al 1999) and the microalgal proteins 

provide poor digestibility or availability if fiber content increases, when plants are mature 

(Quintana et al 1999). Fiber constitutes the insoluble organic residue, generally 

considered as carbohydrate not available in a diet, the content of which begins to 

increase in the middle of the exponential phase (McDermid et al 2005). The chlorophyll 

contents also vary according to the age of the plant and some of these nutrients, it is of 

vital importance in the feeding of fish larvae, which can decrease as fiber content 

increases. 

In this way, nutritional value of the algae varies depending on culture conditions, 

composition of the medium, growth phase, size of the cell, and digestibility (Fabregas & 

Herreros 1986). Protein levels can be improved by harvesting in the exponential phase 

since this is where there is greater use of nutrients and a greater process of photosynthesis 

(Sipaúba- Tavares & Rocha 2003). 

Therefore, maximum density is not sufficient criteria for harvesting, since the 

nutritional value may not be as indicated, given the increase in the natural lignification of 

the cell walls. So, it should be sought that these variables are found in a reasonable 

balance to obtain maximum population, maximum nutrient content, and minimum fiber 

content.  

In situations like these, where it is necessary to establish causal or dependency 

relationships with the intervention of multiple variables that present bilateral feedback, 

models of simultaneous equations can be an optimization alternative (Gujarati 2006). In 

a system of various equations, each one represents a model linear regression, whose 

dependent variable in one equation also acts as an explanatory variable in another. 

However, this causes endogeneity problems, in addition to being involved in a time series 

with a serial autocorrelation (Novales 1993), which give rise to biased and inconsistent 

estimators when applying predictive models. Consequently, there is a need to solve these 

problems by estimating the regression parameters using the two-stage least square 

method (2SLSM) (Londoño 2005). 

The present work proposes the use of the simultaneous equations method to 

predict the most suitable moment for the harvest of the Ankistrodesmus gracilis 

microalgae grown in an HTPHBR, to maximize population growth and the availability of 

nutrients while minimizing fiber content, optimizing the balance between quantity and 

quality. 
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Material and Method 

 

Location, laboratory, and equipment. The cultivation of the microalgae was carried 

out at the Aquaculture Laboratory of the University of Nariño, located to the north-west 

of the city of San Juan de Pasto (Colombia), between the geographical coordinates 1° 12' 

52.48” north, and 77° 16' 41.22” west, at the height of 2,486 meters above sea level 

and an average ambient temperature of 13.8°C (Imués-Figueroa et al 2018). The 

research took place during the second semester of 2019.  

An HTPHBR of 45 L volume was used, built-in crystal hose of one inch in 

diameter and 56 m in total length, wound on electro-welded mesh with a diameter of 0.4 

m, and useful height of 1.53 m, powered by an airlift pump. The light was provided by 

six 22-watt, 2,400 lumen white-light LEDT8 lamps, conditioned with the necessary 

equipment to maintain the stability of temperature, air, and CO2 supply, volume, flow, 

and speed of the fluid. 

 

Biological material, cultivation protocol and laboratory analysis. The A. gracilis 

strain comes from the Aquaculture Laboratories of the University of Nariño, where it is 

kept in pure form. An inoculum of this strain was carried out and raised to a volume of 3 

L and to be sown in the HTPHBR with 45 liters of previously treated water.  

During the cultivation, Guillard's F/2 (Nasler) nutrient was supplied in a ratio of one 

milliliter for each liter of the fluid, cultivating by applying the protocol developed in the 

Laboratory, adapted from Food and Agriculture Organization (Helm & Bourne 2006). 

The cultivation was carried out for 15 days, in three different periods. Daily, one-

liter samples were taken to obtain the necessary biomass to tri-measure the variables: 

population density, protein, ether extract, energy, fiber, and chlorophyll-a; the volume 

was replaced immediately. Bromatological analyzes were carried out in the Bromatology 

Laboratories of the University of Nariño. 

 

Statistical analysis. Variables were classified into endogenous and exogenous, adopting 

the following criteria: 

 

Endogenous variables that describe the characteristics of algae, which have to do with 

the concentration of nutrients present: 

Y1t = protein content (percentage). 

Y2t = gross energy (kcal.kg-1). 

Y3t = ether extract (percentage). 

 

Exogenous variables are independent variables that influence the concentration of 

nutrients in algae: 

X1t = population density (cell.ml-1).  

X2t = chlorophyll-a content (pg.L-1). 

X3t = fiber content (percentage). 

T = cultivation days 

 

With the data obtained, corresponding to the study variables, exploratory analyzes 

were performed with measures of central tendency and dispersion, as well as statistical 

graphs, to determine the data´s behavior. Linear correlation analyzes were carried out to 

identify the variables that will be included in the regression models since the existence of 

dependency implies the existence of association (Solarte et al 2009). With this, the 

theoretical models were formulated, and the parameters were estimated, following the 

procedures proposed by Hausman (1983) and Gujarati (2006). Statistical analyzes were 

performed using Statgraphics Centurion XVI software. 

 

Results and Discussion 

 



AACL Bioflux, 2022, Volume 15, Issue 4. 

http://www.bioflux.com.ro/aacl 2161 

Exploratory analysis. A detailed analysis of the diagrams of Figure 1-A, in 15 

cultivation days, show an exponential increase phase until the 12th or 13th day in all 

variables, then a stationary phase and a decrease phase. Fiber behavior is different, since 

it increases from the middle of the exponential phase to end of period, in concordance 

with McDermid et al (2005); this increase in fiber influences the decrease in the 

availability of various nutrients (Quintana et al 1999); therefore, chlorophyll-a, energy, 

EE and protein decrease from day 10, are suffering the effects of the significant increase 

in fiber. 

These arguments led to include in the study the data corresponding to the period 

up to the point of maximum population growth (Figure 1-B), in which it is the harvest 

point with the maximum biomass amount. The decrease phase may cause the association 

and dependency relationships between the different variables to be nonsignificant, as 

they do not adjust to a linear relationship, distorting the dependency relationship. 

Furthermore, behavior beyond that point is not of interest in plankton production. 

 

 
Figure 1. Graphic analysis of the study variables, of Ankistrodesmus gracilis microalgae cultured in 

periods of 15 (A) and 13 (B) days. 
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In 13 days of cultivation, it is observed that the variables adjust more to a straight line, 

which guarantees a more significant adjustment in the linear relationship between 

variables. As already it is mentioned, the only variables with different behavior are fiber, 

which increases markedly from the middle of the exponential phase; in addition, protein 

and energy decrease in availability from day 10; possibly they suffer the most from the 

negative influence of the increase in fiber. 

The respective statistics, for 13 days of algae growth, with a total of 117 data per 

variable (Table 1), show low variability in endogenous variables (protein, ethereal 

extract, and energy) and high in exogenous ones (chlorophyll-a, fiber, density). 

 

Table 1 

Descriptive statistics for the study variables, in 13 days period of Ankistrodesmus gracilis 

 

Statistics 
Protein 

% 

Energy 

kcal 

EE 

% 

Cells density 

×105 

Chlorophil-a 

pg 

Fiber 

% 

Mean 43.8312 5166.3672 26.1308 504.3762 1282.3115 9.6850 
Typical error 0.3704 61.3678 0.1760 43.7102 40.5745 0.5659 

Median 43.8450 5140.8963 25.8800 573.4600 1233.8500 9.1750 
Standard deviation 1.8888 312.9155 0.8974 271.8888 206.8903 3.3757 

Coeff. of variation 0.0431 0.0606 0.0343 0.5391 0.1613 0.3486 
Kurtosis -0.6425 -1.0861 -0.7825 -1.3548 -0.4007 -1.1937 

Asymmetry -0.2407 0.4869 -0.0166 -0.4954 0.7288 0.1693 

 

The asymmetry values are close to zero in all the variables; the distribution is slightly 

platykurtic, with the consequent approximation to a normal distribution, beneficial for the 

later statistical processes. 

An analysis of partial correlations (Montgomery & Runger 2003) indicates the 

existence of a linear association relationship between all the variables, by presenting a 

Pearson correlation coefficient between medium and high, with a high significance 

(p<0.05). Those indicate that their relationship depends on the joint action between the 

different variables, which guarantees the viability of multiple regression models. 

 

Preliminary multiple linear regression analysis. Before estimating the models, tests 

were performed for the statistical assumptions of normality, homocedasticity, and 

independence. For the first assumption, the hypothesis was denied for the variables of 

days and density, in which case, there was a need to transform the data using a square 

root. The homoscedasticity hypothesis was denied for protein, EE and fiber, and the 

transformation of these variables must be carried out using a natural logarithm. In the 

case of independence´s assumption, it is not fulfilled because it is a time series, and its 

solution is the reason for this study. 

The theoretical models with which the regression analysis was performed are the 

following: 

 

Y
1t 

= 
10 

+ 
11

X
1t 

+ 
12 

X
2t 

+ 
13 

X
3t 

+ 
12

Y
2t 

+ 
13

Y
3t

 + T + u
1t 

Y2t = 20 + 21X1t + 22 X2t + 23 X3t + 21Y1t + 23Y3t + T + u2t 

Y3t = 30 + 31X1t + 32 X2t + 31Y1t + 32Y2t + T + u3t 

 

Where: Y1t (protein content) at time t depends on the value of β10 (intercept), X1t 

(population density), X2t (chlorophyll-a content), X3t (fiber content), Y2t (gross energy 

concentration), Y3t (fiber content), T (cultivation days) and error (u1t), at time t. 

Similarly, Y2t (gross energy concentration) at time t depends on the value of β20 

(intercept), X1t (population density), X2t (chlorophyll-a content), X3t (fiber content), Y1t 

(protein content), Y3t (ethereal extract), T (cultivation days) and error (u2t), at time t. 

In the case of Y3t (ethereal extract) at time t, it depends on the value of β30 

(intercept), X1t (population density), X2t (content of chlorophyll-a), X3t (fiber content), Y1t 

(protein content), Y2t (gross energy), T (cultivation days) and error (u3t), at time t. Table 
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2 shows the analysis of variance for the models, corresponding to each of the regressive 

variables. 

 

Table 2 

Estimation of linear regression models of the simultaneous equations system (α = 0.05) 

 
    Model 1: Y1t (Protein) Model 2: Y2t (Energy) Model 3: Y3t (EE) 

  Analysis 
F 

p-value 
R2 

Durbin-

Watson  

p-value 

F 

p-value 
R2 

Durbin-

Watson  

p-value 

F 

p-value 
R2 

Durbin-

Watson  

p-value 
 ANOVA 0.0000 93.903 0.0037 0.0000 91.2306 0.0232 0.0000 94.9507 0.0443 

Regression analysis 

  Variable 
 

T 

p-value 

F 

p-value 
 

T 

p-value 

F 

p-value 
 

T 

p-value 

F 

p-value 

  Intercept -0.684611 0.1208   -10807.7 0.0043   -0.926226 0.0005   
X1t Density (A) 0.00323049 0.2820 0.0000 80.5972 0.0008 0.0000 0.0052537 0.0056 0.0000 
X2t Chlorophil-a (B) 0.00003271 0.3542 0.0089 0.895092 0.0019 0.6751 0.0000749072 0.0002 0.0000 

X3t Fiber (C) -0.102976 0.0018 0.0000 199.374 0.5823 0.0000 0.0574523 0.0208 0.1501 

Y1t Protein (D)       -4593.79 0.0471 0.0000 0.159935 0.3799 0.0027 
Y2t Energy (E) -0.00005175 0.0471 0.0000       -0.000042712 0.0163 0.0029 
Y3t EE (F) 0.323547 0.3799 0.5775 -7670.02 0.0163 0.0065       

T Days (G) 0.0688168 0.0046 0.0046 -27.5395 0.9160 0.9160 -0.0343708 0.0612 0.0612 

Selection of the best model 
  R2 CP-Mallow Var. R2 CP-Mallow Var. R2 CP-Mallow Var. 

    93.5703 5.81856 ABCEG 91.224 5.01151 ACDFG 94.6751 5.81856 ABDEG 

 

It is evident that all the estimated models are significant as a whole (p<0.05) and show a 

high coefficient of determination, greater than 91%, although with a non-significant 

hypothesis of independence of error (Durbin-Watson) (p<0.05), since it is a temporal 

series, with autocorrelated data. 

In Model 1, although the EE value is high, it is not significant (p>0.05), which may 

be due to lipids are an important source of energy (Marshal 1987). But it is not the only 

one since energy is produced by various components such as proteins, carbohydrates, 

and lipids (Fabregas & Herreros 1986). Therefore, it can be more important, with a 

greater influence on protein content. 

In Model 2, the linear regression analysis (T statistic) shows that the fiber and 

days variables do not have a significant individual effect (p>0.05) on energy. The most 

significant influence is caused by EE and protein, according to the statements of Fabregas 

and Herreros (1986). They state that the presence of protein in algae increases as cells 

grow and its concentration in the population will be higher than as it multiplies and 

decreases as the cell walls' lignification increases. 

In the case of Model 3, EE seems not to be influenced by fiber; however, in 

concordance with it expressed by Gómez (2007). He considers that EE increases when 

greater chlorophyll activity increases as the population reproduces, and because it is an 

energy source, as this nutrient increase, the EE is increased. 

Based on the previous analyzes, considering the coefficient of determination and 

the CP-Mallow statistic, the Simultaneous Equation System was structured as follows: 

 

Y1t = 10 + 11 X1t + 12 X 2t + 13 X3t + 12Y2t + T + u1t 

Y2t = 20 + 21 X1t + 22 X 2t + 23 X 3t + 21Y1t + 23Y3t + T + u2t 

Y3t = 30 + 31 X1t + 32 X2t + 31Y1t + 32Y2t + T + u3t 

 

Where: β = parameters of exogenous variables;  = parameters of endogenous 

variables; Y1t = protein content; Y2t = concentration of energy; Y3t = ethereal extract 

content; X1t = population density; X2t = chlorophyll-a content; X3t = fiber content; T = 

cultivation days; u.t = error associated with the t-th observation. 

 

Autocorrelation analysis. Given the existence of a time series, to determine the serial 

autocorrelation of the endogenous variables Durbin-Watson test was performed between 

the variables and their first lag considering an autoregressive process of order one AR(1), 
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to verify if Corr(utut-1)=0. The results are shown in Table 3, assuming H1: ρ>0, where the 

existence of autocorrelation in the protein variable is observed, as in EE (p<0.1), not for 

energy (p>0.1). 

 

Table 3 

Test of autocorrelation by d Durbin-Watson statistic 

 

Dependent 
variable Yt 

Independent  

variable Yt-1 
R2 R2 

adjusted 
d-value 

Durbin-Watson 
p-value 

Protein Protein (lagged) 0.9689 0.9675 1.4401 0.04927 
Energy Energy (lagged) 0.9284 0.9251 1.4728 0.30420 

Ethereal extract Ethereal extract (lagged) 0.7020 0.6885 1.8673 0.06440 

 

Concerning the autocorrelation functions, for exogenous variables, according to Peña and 

Marín (2016), determining the order of an autoregressive process based on its simple 

autocorrelation function presents difficulties. Since this is a mixture of exponential 

growths and sinusoidal, which are cushioned as the delay progresses and do not have 

readily identifiable features to determine the order of the process, so it must be 

supported by the partial autocorrelation function, since there is a direct effect of yt-2 on 

yt. 

Thus, in the case of the energy variable, with a Durbin-Watson statistic not 

significant for the AR(1) process, when the simple autocorrelation function is observed, 

an AR(2) process appears to follow, with the first positive parameter (Ф1 > 0) and the 

second negative (Ф1 < 0), corroborated by the partial autocorrelation function, for which 

the Durbin-Watson statistic (1.4182) for AR(2) was estimated, assuming autocorrelation 

Y2t over Y2t-2 considered significant (p=0.05294). For EE variable, the autocorrelation 

function seems to indicate an AR(1) process, with Ф1>0 and Ф1<0, and the analysis of 

partial autocorrelation function leads to the conclusion that it may be an AR(1) process 

with Ф1>0, clarifying the doubt of autocorrelation using the Durbin-Watson statistic. In 

the protein variable, an AR(1) process is visualized, with Ф1>0. 

The arguments raised above lead to the need to include some lagged variables in 

the model, like this: Y1t-1 (protein with a lag of one period), Y2t-2 (energy with a lag of two 

periods) and Y3t-1 (ethereal extract with a lag of one period). In this way and following 

Mallow's CP recommendation for the best model, considering that there is a small 

decrease in R2, not significant, a multi-equation system with adjusted models is 

proposed. In addition, all the variables included have a trending behavior and, according 

to what was exposed by Wooldrige (2010), the temporal trend is considered exogenous. 

Therefore, the model must indicate the parameters of the variables lagging with β, in the 

following system: 

 

Y1t  = 10 + 11X1t + 12 X2t + 13 X3t + 11Y1t-1 + 12Y2t + T + u1t 

Y2t  = 20 + 21X1t + 22 X2t + 23 X3t + 21Y1t + 22Y2t-2 + 23Y3t + T + u2t 

Y3t = 30 + 31X1t + 32 X2t + 31Y1t + 32Y2t + 33Y3t-1 + T + u3t 

 

Where:  = parameters of exogenous variables;  = parameters of the endogenous 

variables; Y1t = protein content; Y1t-1 = protein content, with a lag of one period; Y2t = 

concentration of energy; Y2t-2 = concentration of energy, with a lag of two periods; Y3t = 

ethereal extract content; Y3t-1 = ethereal extract content, with a lag of one period; X1t = 

population density; X2t = chlorophyll-a content; X3t = fiber content; T = days of 

cultivation; u.t = error associated with the t-th observation. 

As shown in these models, due to the Y1t-1 and Y2t-2 delays, the relationship 

between protein content and gross energy concentration is not contemporary, becoming 

dynamic models (Gujarati 2006). They imply changes over time because the effect of a 

unit variation in the value of the delayed explanatory variables is felt for several periods 

(distributed delays), with the effect distributed over several periods. 
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Identification of equations and instrumental variables. Given the system of 

previously defined equations, where E(ujt) = 0 and ujt do not correlate with X1t, X2t, X3t or 

T, determined in the analysis of partial correlations, as explained by Wooldrige (2010), 

the temporal trend is exogenous, consequently ujt also does not correlate with Y1t-1, Y2t-2 

or Y3t-1. Since, Y1t, Y2t, and Y3t are endogenous explanatory variables, they may be 

correlated with ujt. A problem of identification of the equations arises, through the order 

and rank conditions, following the procedure recommended by Maddala (1996). With 

which shows that, by order condition, all the equations are overidentified, since the 

number of excluded endogenous and exogenous variables is greater than the total 

number of endogenous variables minus one. 

Based on this condition, the first system equation (protein) presents two exclusion 

restrictions (Y2t-2 and Y3t-1) that will be used as instrumental variables for Y2t. Therefore, 

the equation satisfies the order condition, with two overidentified restrictions, since there 

is a single endogenous variable on the right side of the equation, and two instrumental 

variables are available for estimation. 

The second equation (energy) also satisfies the order condition, since it has two 

exclusion restrictions (Y1t-1 and Y3t-1) that can be used as instrumental variables for the 

estimation of Y1t and Y3t, endogenous variables included in the side right of the model, 

clarifying that there is a single overidentified restriction. 

Similarly, in the third equation (EE), three exclusion restrictions (X3t, Y1t-1, and  

Y2t-2) are observed as instrumental variables to estimate an endogenous variable (Y2t) 

included on the right side of the equation, for which reason satisfies the order condition 

with two overidentified constraints. 

According to Wooldrige (2010), unless there is an obvious identification failure, 

equation that satisfies range condition is considered identified, and therefore the method 

is necessary and sufficient. However, the order condition is necessary to establish the 

degree of identifiability, but it is not sufficient. For this, it is essential to establish a 

condition T ≥ 0, since there cannot be a negative time; on the other hand, all βij ≠ 0 

could be required in the same equation, to ensure identification using the order 

condition; but this can be taken for granted since it is practically impossible for all βij = 0, 

in which case they may present unidentified equations. Since all equations in the system 

are overidentified, with sufficient exclusion restrictions, a case of non-identification would 

be unlikely to occur. 

 

Two-stage least squares method (2SLSM). The consistent estimation of the 

structural parameters will now be sought through the 2LSLM method, recommended by 

Gujarati (2006) for these cases. Since the reduced form equations, as presented above, 

are optimal predictors; they can even be functions of conditional hope. Consistent 

estimators can be obtained, from identified structural equations, whether or not they are 

overidentified, which could be estimators unbiased, through the linear regression of Yit on 

the variables Xit and the laggards Y1t-1, Y2t-2 and Y3t-1 (which are considered exogenous). 

According to this method, the first stage consists of obtaining estimators using 

ordinary least squares (OLS), for the equations of the reduced form previously proposed 

and, from these, obtaining the corresponding adjusted values, which seeks to eliminate 

the correlations that they probably exist between Yit and uit. With this, the following 

estimated models were obtained: 

 

 1t = -0.142112+0.000998772X1t + 0.0000132628X2t – 0.0105273X3t + 0.849833Y1t-1 – 

0.000013524Y2t-2 – 0.0228623Y3t-1 

2t = -5462.9 + 37.38X1t + 0.205352X2t + 329.908X3t – 2049.39Y1t-1 + 0.468658Y2t-2 – 

4885.35Y3t-1 

 3t = -0.92194 + 0.00376819X1t + 0.000081651X2t + 0.00343195X3t – 0.0631164Y1t-1 – 

0.0000402846Y2t-2 + 0.303424Y3t-1 

 

ANOVA for the estimated models indicates that Ho:  = 0 should be rejected, since 

p<0.01, in all cases, therefore, it is concluded that there is a linear dependency 

relationship between return variables and dependent variable, of each model. 
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Furthermore, R2 and R2-adjusted values are high, which indicates that estimated values 

of endogenous variables are very close to their observed values. Therefore, the latter is 

less likely to be correlated with stochastic disturbances in the original structural 

equations (Maddala 1996). 

The second stage consists of replacing the endogenous variables of the second 

member with the estimated variables and estimating the equations by OLS. Therefore, 

the 2SLSM method allows all the endogenous predictor variables in the equation to be 

replaced by their predicted values from the reduced forms, and the OLS method is 

reapplied, which estimates are consistent as the sample size increases indefinitely 

(Montgomery & Runger 2003). The final models estimated with this methodology are the 

following: 

 

 

 

 
 

Where:   = estimated protein content, transformed by natural logarithm;  = 

concentration of energy;   = ethereal extract content, values transformed by natural 

logarithm; X1t = population density, transformed by square root; X2t = chlorophyll-a 

content; X3t = fiber content, transformed by natural logarithm; Y1t-1 = protein content, 

transformed by natural logarithm, with a lag of one period; Y2t-2 = concentration of 

energy, with a lag of two periods; Y3t-1 = EE content, with a lag of one period; 1t = 

estimated values of protein content according to the reduced equation of the first stage 

of 2SLSM; 2t = estimated values of energy concentration by regression with the reduced 

model, in the first stage of 2SLSM; 3t = estimated values of protein content according to 

the reduced equation of the first stage of 2SLSM; T = days of cultivation; values 

transformed by a square root. 

From the analysis of the system of actions in global form, it is possible to see the 

positive effect of the population and the content of chlorophyll-a on the endogenous 

variables (protein, energy, and EE); fiber content has a negative effect on protein 

concentration, which is consistent with what was expressed by Peña and Marín (2016), 

referring to the decrease in the former when the latter increases. The lags (AR1) of the 

variables protein and EE have a positive effect, indicating that their concentration 

increases as time passes. In the case of energy (AR2), it has a negative influence on 

protein; energy and EE have a negative effect on energy and protein, and energy show a 

negative effect on EE content, indicating that the interaction between endogenous 

variables will always be inversely proportional. 

The model for  (protein) shows a high coefficient of determination (R2 = 

98.1574%) and a low standard error (0.00612418), indicating a good fit for Y1t. 

Furthermore, non-significant Durbin-Watson statistic (p>0.05) ensures the absence of 

self-correlation of errors, therefore independence. 

ANOVA indicates that there is a linear relationship between the return variables 

and the dependent variable (p<0.01). The regression analysis for the individual 

significance of the return variables (T-Statistic) shows that the only variable that has a 

significant effect on the model is protein when it is included with a lag of one period. 

However, in the analysis according to the adjustment order (F-Statistic), which contains 

the variables conditioned to the presence of others in the model, it is found that the 

variables energy and days of cultivation have no significant influence on the model. 

Despite this, the complete model was adopted, for having an equally high 

determination coefficient (97.9395%) and for being the one with the best performance 

according to the CP-Mallow criterion. In addition, they are considering the reasons given 
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by Sipaúba-Tavares (1994) and Marshal (1987). They affirm that there is generally a 

decrease in protein in cell when the plant ages, and there is an increase in the content of 

ethereal extract, a fundamental source of energy. 

The second regression model for  (energy) represents a linear relationship since there 

is sufficient evidence to reject the null hypothesis Ho: β = 0 (p<0.01), with a good fit 

when presenting a coefficient of high determination (96.3255%) and low standard error 

(70.3253). When performing the regression analysis of the individual effect of the return 

variables, it is possible to establish that fiber, energy (AR2) and days of cultivation are 

not significant (p>0.05); however, in the analysis in order of adjustment, chlorophyll-a 

and days of culture are without significant effect (p>0.05). 

Although the conditional contribution of chlorophyll-a is not significant, its 

individual importance it is, and this justifies its presence in the model. On contrary, fiber 

and energy (AR2) do not show a significant contribution individually, but when the 

conditional presence is studied, its effect on energy shows statistical significance. 

Taking into account CP-Mallow criterion, a model is proposed that includes all the 

variables, which has the best values of R2 (95.8966%) and MSE (4832.57), supported by 

Sipaúba-Tavares (1994), who ensures that the gross energy is made up of the energy 

supplied by the protein, lipids and carbohydrates and its presence in the algae increases 

as the cells grow and its concentration in the population will be higher as it multiplies, 

explanations which led to the adoption of the complete model initially proposed. 

The third estimated model  (EE) represents a significant linear dependency 

relationship (p<0.05), with a good fit (R2 = 94.7625%) and a low error (0.0000627533). 

Although EE(AR1), protein, energy, and days of culture do not seem significant (p>0.05) 

when the individual effect is analyzed, the joint adjustment order indicates that only days 

of culture may not have a significant effect on the EE. It is possible that this happens in 

all the variables, given the behavior of the nutrients over time, which increase or 

decrease according to the joint effect of the other variables. In any case, a dynamic time 

series is being treated that is subject to the growth of the plant in a growing period, as 

stated by Gómez (2007) and has been demonstrated through the present study. 

On the other hand, it is necessary to consider that the ethereal extract comprises 

the fats that the algal cells contain and are an important source of energy (Sipaúba-

Tavares et al 2017). These contents vary according to the growth phase (Gómez 2007). 

Based on these arguments and based on the test for selecting best model, according to 

CP-Mallow criterion (5.77927), all the variables initially proposed were included. 

 

Optimal harvest time. Based on the previously estimated models, for the multiple 

equation system, prediction was made for each of the particular Yit points, from which it 

was possible to determine the optimal harvest time for the microalgae (Table 4). 

 

Table 4 

Forecasted values for the particular optimal point Yit, for Ankistrodesmus gracilis culture 

in helical tubular photobioreactor 

 

Variable 
Estimated 

value 

Initial 

value 

Cultivation days 11 13 

Chlorophyll-a (pg.cell-1) 0.1674 0.1282 

Fiber (%) 8.77 9.6850 

Density (cells×105 ml-1) 475.57 504.3762 

Ethereal extract (%) 27.5816 26.1308 

Protein content (%) 46.7142 43.8312 

Gross energy (kcal.kg-1) 5222.49 5166.3672 

 

According to this estimate, the optimal time of cultivation at which the harvest should be 

carried out has been estimated at 11 days. At that point, it is possible to have the 

maximum concentration of nutrients in protein (46.7142%), gross energy (5222.49 
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kcal/kg), and ethereal extract (27.5816%) and the lowest fiber content (8.77%). 

Although the population density is lower (475.57 cells×105 ml-1), it is possible to have an 

adequate biomass. This contrasts with the arguments of Gómez (2007), Sipaúba-Tavares 

and Rocha (2003) and Sipaúba-Tavares et al (2009), who carried out the harvest at 13 

days that is when the exponential phase ends, arguing that it is the moment in which it 

has the highest population concentration. The decrease in two days results in the best 

quality of the microalgae as food, reducing production costs; in addition, to optimizing 

the quantity and the supply time. 

 

Conclusions. All the variables show a phase of exponential increase, which increases 

until day 12 or 13, from there a stationary phase appears and then another one of 

descent, except for the fiber, which begins a strong increase from the middle of the 

exponential phase until the end of the period. 

The models of simultaneous equations to describe the cultivation of the algae 

Ankistrodesmus gracilis should include the endogenous return variables protein and EE 

with one period lag and energy with a two-period lag, with a significant effect on the 

models. 

By order condition, all the equations of the system are overidentified, which is 

corroborated by the rank condition as a necessary and sufficient condition. 

The estimated models of the simultaneous equation system, using the 2SLSM, for 

the cultivation of the microalgae Ankistrodesmus gracilis, allow optimizing the harvest 

time, according with its nutritional value, which is not possible with current methods. 

There is no clarity about the significance of the effect of cultivation time on 

endogenous variables, perhaps because its behavior corresponds to the combined 

influence of all variables under study. Its inclusion is maintained given the type of the 

equation system that is immersed in a temporary series. 

The procedure allows us to see the negative effect of the fiber content on the 

nutrients, especially on the protein; additionally, the interaction between the endogenous 

variables will always be inversely proportional. 

It is important to carry out similar studies, using the 2SLS method, in the 

cultivation of marine and freshwater microalgae species from other regions of the world, 

including large samples, with repeated data and other quality variables, such as lipid 

profiles. 

Day 11 showed to be the optimal moment for the harvest of the microalgae 

Ankistrodesmus gracilis so that maximizes the concentration of nutrients, especially 

protein (46.7142%) and gross energy (5222.49 kcal.kg-1) and minimizes the fiber 

content (8.77%), with an adequate population density (475.57 cellls.ml-1). 
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